In this paper, we study the properties of coverings of locally conformally Kähler (LCK) spaces with singularities. We begin by proving that a space is LCK if any only if its universal cover is Kähler, thereby generalizing a result from [IP]. We then show that a complex space which projects over an LCK space with discrete fibers must also carry an LCK structure.
Our main goal is to study which fundamental properties of LCK structures still hold true in the singular setting. The first to introduce the definition of Kähler form on complex spaces with singularities was Grauert in [G] and this study was continued by Moishezon in [Mo] . Notable results about the stability of Kähler structures were obtained by [Var] . Recently, in [IP] , the authors gave a natural definition of the same type for LCK spaces and studied the properties of its universal cover, proving, using resolutions of singularities, that, if the space has quotient singularities, the result from the smooth case holds true i.e. the universal cover is Kähler. They conjectured that this should hold without the additional condition.
One of the key difficulties in working with non-smooth complex spaces is that there is no workable definition for (p, q)-forms (for a study of differential forms on singular spaces, see [P, pp. 375-388] ).
In this paper, we firstly improve the main result from [IP] by removing any requirement on the singularity types and in fact finding a way to not mention the singularities at all. Instead, we develop a method for defining closed 1-forms on complex spaces (without first saying what a 1-form is) and integrating them along curves. We are then able to essentially use the same proof as in the smooth case for recovering the result we wanted.
Finally, we show that the characterization we found is useful i.e. by passing to the universal cover, we can prove new results about coverings of LCK spaces with discrete fibers.
In Section 2, we start by giving the definition of closed 1-forms on complex spaces and proving that a few basic results about their integration along curves that are true in the smooth case also hold in the singular case.
In Section 3, we are then able to improve the result from [IP] by completely recovering the characterization of LCK spaces as quotients of Kähler spaces by homotheties of its Kähler metric. More precisely, we prove:
Theorem 3.10. Let X be a complex space. Then X admits an LCK metric if and only if its universal coveringX admits a Kähler metric such that the deck automorphisms act onX by positive homothethies of the Kähler metric.
In Section 4, using the above characterization, we generalize to the locally conformal setting a result by [Vaj] about maps with discrete fibers into Kähler spaces. Specifically, we prove:
Theorem 4.1. Let g : X −→ Y be a holomorphic map between complex spaces with discrete fibers and assume (Y, ω, θ) is LCK. Then X also carries an LCK structure.
Integrating closed 1-forms on complex spaces
Let X be a connected complex space of dimension n.
We define an equivalence relation onZ 1 (X) by
2) We define the space of smooth closed 1-forms on X to be the quotient
In this case, we make the notation θ = df .
Remark 2.2: Outside the singular locus Sing(X), the above definition coincides with the usual one on smooth manifolds. Similar to the smooth case, one can define the notion of pullback for closed 1-forms: Definition 2.3: Let φ : X −→ Y be a smooth map between complex spaces and θ ∈ Z 1 (Y ). Let θ = (U α , f α ) α∈A .
We denote by φ * θ = (φ −1 (U α ), φ * f α ) α∈A ∈ Z 1 (X), and call it the pullback of θ via φ. Indeed, one can check that this is well defined and that it coincides with the usual definition on smooth manifolds. Proposition 2.4: Let φ : X −→ Y be a smooth map between complex spaces and f : Y −→ C smooth.
Then
Proof. The statement follows directly from the definitions.
Proposition 2.5: Let γ : [0, 1] −→ X be a curve on X and take θ ∈ Z 1 (X),
Then the number γ,(a 0 ,...,am),(Uα,fα)α
only depends on γ and θ.
Proof. Note that, for any fixed k, the choice of α k such that γ(
We now prove the independence on the choice of partition of the unit interval. Take two such partitions 0 = a 0 < a 1 < ... < a m = 1
and consider the joined partition
so, according to the remark at the beginning of the proof, and summing by k, we have Lastly, we prove the independence on the choice of representative for θ.
Definition 2.6: For any curve γ and any 1-form θ, we call the number defined via Proposition 2.5 the integral of θ along γ and denote it by γ θ.
Remark 2.7: If the image of γ does not intersect the singular locus, the above definition coincides with the regular integral of a 1-form along a curve on a smooth manifold. Proposition 2.5 has the following immediate Corollary 2.8: If γ 0 , γ 1 are two curves with the same endpoints in X, θ ∈ Z 1 (X) and there exist θ = (U α , f α ) α∈A and a partition 0
Proposition 2.9: The integral of θ along γ only depends on the homotopy class (with fixed endpoints) of γ.
By Proposition 2.5, we have:
For the third equality, replacing f α k with f α k+1 in the first sum is possible, since the curve s → γ s (a k+1 ), with s between t and t 0 , is contained entirely
Corollary 2.10: If X is simply connected, every closed 1-form θ is exact.
Since X is simply connected and by Proposition 2.9, this does not depend on the choice of γ.
We now show that
and the right-hand side is a constant which does not depend on the choice of x α ∈ U α .
Locally conformally Kähler spaces
In this section, we give the definitions of the main objects we will be working with, as well as prove a result characterizing LCK spaces via their universal covering, thereby generalizing a well-known property which is true in the smooth case.
The following definition is very slightly adapted from [Mo] to resemble Definition 2.1:
We define an equivalence relation onK(X) by
2) We define the space of Kähler forms on X to be the quotient space
Remark 3.2: One can also give an equivalent definition for a Kähler form on X via differential conditions on the regular locus: a Kähler form is given by
Inspired by the characterization given in Remark 3.2, the following definition for LCK spaces was first introduced in [IP] , adapting the most wellsuited of the equivalent definitions of LCK manifolds. For technical reasons, we introduce at the same time what we call locally conformally preKähler metrics.
We define equivalence relations on LCK(X) and LCpK(X) by
and similarly,
2) We define the space of locally conformally Kähler (LCK) forms (or metrics) on X to be the quotient space LCK(X) = LCK(X)/ ∼ and the space of locally conformally preKähler (LCpK) forms (or metrics) on X to be the quotient space LCpK(X) = LCpK(X)/ ∼. An element ω ∈ LC(p)K(X) is called a LC(p)K metric. Obviously, LCK(X) ⊂ LCpK(X).
3) The covering (U α ) α together with the functions f α give rise to a closed 1-form θ on X, as described in Definition 2.1. We call θ the Lee form associated to the LC(p)K metric. 4) (X, ω, θ) is called a LC(p)K space. 5) An LCpK metric ω is called with potential if ω = (X, ϕ, f ) for ϕ : X −→ R plurisubharmonic and f : X −→ R smooth. In this case, we make the notation ω = e f ∂∂ϕ.
Remark 3.4: On X reg , Definition 3.1 and Definition 3.3 revert to the classical definitions for Kähler, locally conformally Kähler and locally conformally preKähler manifolds, respectively.
Remark 3.5: Let (X, ω, θ) be an LC(p)K space and f : X −→ R a smooth map. Let ω be given by (U α , ϕ α , f α ). Then X is also LC(p)K with the metric given by (U α , ϕ α , f + f α ), and we denote it by (X, e f ω, θ + df ). Indeed, one can check that its Lee form is θ + df , with the notations of Definition 2.1.
Remark 3.6: As the notations suggest, if (X, ω, θ) is LCK and θ = df i.e. is exact, then (X, e −f ω, θ − df = 0) is Kähler. In this case, we call (X, ω, θ) globally conformally Kähler (GCK).
Definition 3.7: Let φ : X −→ Y be a holomorphic map between complex spaces and assume (Y, ω, θ) is LCpK. Let ω = (U α , ϕ α , f α ) α∈A . Then one sees immediately that (φ −1 (U α ), φ * ϕ α , φ * f α ) α∈A gives an LCpK metric on X, which we denote by φ * ω, with Lee form φ * θ. We call φ * ω the pullback of ω via φ.
As opposed to LCpK forms or closed 1-forms, the pullback of LCK metrics along a holomorphic map is not necessarily LCK. However, there is a particular case where this is true:
Proposition 3.8: Let φ : X −→ Y be a a local biholomorphism between complex spaces and assume (Y, ω, θ) is LCK. Then φ * ω is LCK, with Lee form φ * θ.
Proof. The result is immediate. As φ is a local biholomorphism, φ * ϕ α are also strictly plurisubharmonic. In the same way, if g αβ is holomorphic on
Definition 3.9: Let (X, ω, θ) be an LC(p)K space. An automorphism γ ∈ Aut(X) acts by homothethies of ω if γ * ω = e c ω for some c ∈ R.
We now prove a result giving an alternative characterization for LCK spaces which is a natural extension of the one true in the smooth case and has virtually the same proof, with the help of the notions developed in Section 2. This generalizes a result in [IP] :
Theorem 3.10: Let X be a complex space. Then X admits an LCK metric if and only if its universal coveringX admits a Kähler metric such that the deck automorphisms act onX by positive homothethies of the Kähler metric.
Proof. Assume that (X, ω, θ) is an LCK space and denote by π :X −→ X the canonical projection. Then (X, π * ω, π * θ) is an LCK space by Proposition 3.8. Futhermore, by Corollary 2.10, θ = df for some smooth f :X −→ R, so Remark 3.6 implies that (X, e −f π * ω) is Kähler.
Lastly, for any γ a deck automorphism ofX −→ X, we have θ = γ * θ, so, according to Proposition 2.
Conversely, assume (X,ω) is Kähler, with the deck group acting by positive homothethies ofω on it. Then the map
is a character of π 1 (X). We can thus construct the line bundle L =X × χ R over X i.e. L = (X × R)/((x, a) ∼ (γ(x), χ(γ)a)). Since there exists a covering of X and a choice of transition maps all of which are positive, L is trivial. Consider a section v of L which is nonzero at every point. Takeṽ = π ⋆ (v). Since L is trivial, π * L −→X is also trivial, henceṽ can be viewed as a functionṽ :X → R >0 , which can be writteñ v = e −f . By the definition of L, we have:
Consequently, efω is deck invariant, and it descends to a metric ω on X, which, by its definition, is LCK.
Mappings with discrete fibers between LCK spaces
In this section, we prove the following Theorem 4.1: Let g : X −→ Y be a holomorphic map between complex spaces with discrete fibers and assume (Y, ω, θ) is LCK. Then X also carries an LCK structure. This generalizes a result for Kähler spaces, see [Vaj, Theorem 2] . In fact, our proof consists of a careful intermix of the proof of that result with further topological arguments.
We begin by stating an easy topological fact: We call the coverings (U α ) α∈A of X and (V α ) α∈A of Y well-related if:
1) There exist ψ i : V i −→ R strongly plurisubharmonic and f i :
2) The covering (U α ) α∈A is locally finite and relatively compact.
3) There exist functions ϕ α : U α −→ (0, ∞) which are strongly plurisubharmonic.
The existence of such well-related coverings follows from Lemma 4.2.
As we want to use the Kählerianity of the universal covers of X and Y given by Theorem 3.10, we now prove the following technical Proposition 4.4: Let g : X −→ (Y, ω, θ) be a holomorphic map between complex spaces with discrete fibers, where (Y, ω, θ) is LCK, and (U α ) α∈A and (V α ) α∈A well-related coverings of X and Y respectively.
Denote by π X :X −→ X and π Y :Ỹ −→ Y the universal coverings of X and Y and considerg :X −→Ỹ the lifting of g, as in the following commutative diagram:
Notice thatg also has discrete fibers. We may also assume that U α are small enough such that π −1 X (U α ) is a disjoint union of copies of U α . For each α ∈ A, choose an isomorphism between the fiber above elements of U α and Γ = Deck(X/X), such that
. Then the coverings (Ũ (α,γ) ) (α,γ)∈A×Γ ofX and (Ṽ (α,γ) ) (α,γ)∈A×Γ ofỸ are well-related, where (Ỹ, e −f π * Y ω) is Kähler, with df = π * Y θ, as proven by Theorem 3.10. Moreover, given a representation ρ : Γ −→ R + , we may chooseφ (α,γ) :
We check the conditions imposed by Definition 4.3: 1) As shown in Proposition 3.8 and Theorem 3.10, the choices ψ (α,γ) = π * Y ψ α :Ṽ (α,γ) −→ R are strongly plurisubharmonic and give rise to the Kähler metric e −f π * Y ω onỸ .
2) The covering (Ũ (α,γ) ) (α,γ)∈A×Γ is immediately seen to be locally finite and relatively compact. 3) By the definition of well-relatedness, there exist functions ϕ α : U α −→ (0, ∞) strongly plurisubharmonic. Definẽ
These functions are obviously strongly plurisubharmonic. Moreover, for
4)
We need to show thatŨ (α,γ) is a connected component ofg −1 (Ṽ (α,γ) ), for each (α, γ) ∈ A × Γ. Indeed,g −1 (Ṽ (α,γ) ) = π −1 X (g −1 (V α )) and, by definition, U α is a connected component of g −1 (V α ).
We can now turn to the Proof of Theorem 4.1. Denote again by π X :X −→ X and π Y :Ỹ −→ Y the universal coverings of X and Y and considerg :X −→Ỹ the lifting of g. By Theorem 3.10, (Ỹ, e −f π * Y ω) is Kähler, where df = π * Y θ. Pick η ∈ Γ = Deck(X/X). Then (4.1) η * g * (e −f π * Y ω) = e −η * g * f η * g * π * Y ω (note that this is an equality of LCpK metrics). But
Using (4.2) and (4.3) in (4.1), we conclude that (4.4) η * g * (e −f π * Y ω) = e −cηg * (e −f π * Y ω). Note also that η → e −cη is a representation of Γ, which we denote by ρ.
For f : X −→ (Y, ω, θ), pick (U α ) α∈A and (V α ) α∈A well-related coverings of X and Y respectively. For ρ : Γ −→ R + chosen as above, we use Proposition 4.4 to construct the well-related coverings (Ũ (α,γ) ) (α,γ)∈A×Γ of X and (Ṽ (α,γ) ) (α,γ)∈A×Γ ofỸ .
The proof now follows the same broad steps as in [Vaj] . Consider K α ⊂ U α compact sets with α∈A K α = X and choose τ α ∈ C ∞ 0 (V α ), τ α ≥ 0 and τ α equals 1 on a neighborhood of g(K α ). Let
Note that χ (α,γ) ϕ (α,γ) is smooth onX with compact support in U (α,γ) and that, for any η ∈ Γ, η * χ (α,γ) = χ (α,η −1 γ) . Then for any ǫ = (ǫ α ) α∈A positive numbers, we define the smooth function ϕ ǫ :X −→ (0, ∞) by
For an η ∈ Γ, we have, by Proposition 4.4, (β,σ) ), these differences are pluriharmonic.
The fact that one can choose ǫ such that (U (α,γ) , φ ǫ (α,γ) ) (α,γ)∈A×Γ give a Kähler form onX now follows from the following Claim, which for clarity we will prove at the end:
Claim: There exists a set ǫ 0 = (ǫ 0 α ) α∈A of positive constants such that φ ǫ (α,γ) is strongly plurisubharmonic on the support of χ (α,γ) for all (α, γ) ∈ A × Γ and for all 0 < ǫ < ǫ 0 .
Choose an appropriate ǫ and denote byω X = (U (α,γ) , φ ǫ (α,γ) ) (α,γ)∈A×Γ the Kähler form onX.
For any η ∈ Γ, we have, by (4.4) and (4.5),
Γ = Deck(X/X) acts by positive homothethies of the Kähler metric. By Theorem 3.10, X thus has an LCK form.
We conclude with the proof of the above claim. Proof of the Claim: We say that a compact subset L ⊂ X has property (⋆) if the following implication holds:
For an L with property (⋆), denote
which is a nonempty, finite set. We fix an arbitrary point x 0 ∈ X and consider L ⊂ X a compact neighborhood of x 0 with property (⋆). Then, g(L) is also compact andg(L) ⊂Ṽ (α,γ) for all (α, γ) ∈ index(L).
Next, we want to prove the following assertion:
[ †] there exists a constant δ = δ L such that φ ǫ (α,γ) is strongly plurisubharmonic on L for any 0 < ǫ α ≤ δ with α ∈ index(L), and for any γ ∈ Γ. Now, if L is chosen to be sufficiently small, then by using extensions for our functions in some local embeddings, we may consider, without loss of generality, thatX andỸ are open sets in the Euclidean spaces C N and C M , respectively.
Further, for every (α, γ) ∈ index(L), there exist positive constants p α , q α , b α , c α which depend only on α, such that
where L denotes the Levi form,x ∈ L,ỹ =g(x), ζ ∈ C N , and ξ = ∂g(x)ζ.
(1) and (2) • C = C(x) = 2 ǫ α c α χ (α,γ) (x).
If we assume for now that (4.7) (P − B)Q > C 2 holds on L, then the right-hand side of (4.6) is positive for all ζ = 0. Hence, the existence of the previously mentioned δ = δ L is proved. Now, in order to get (4.7), choose δ 1 > 0 small enough, such that for 0 < ǫ α ≤ δ 1 , we have B ≤ P/2 on L. Then, if 0 < ǫ α ≤ δ 1 for all α with (α, γ) ∈ index(L), Schwartz's inequality leads to (P − B)Q ≥ B 2 ǫ α q α χ (α,γ) ≥ B 1 ǫ α q α χ (α,γ) .
Since the inequality √ ǫ α q α ≥ ǫ α q α δ 1 is always true, by choosing a convenient (possibly smaller) δ 1 , we obtain the desired inequality (4.7).
Returning to the main line of proof of our claim, fix (α, γ) ∈ index(L) and let L 1 , L 2 , . . . , L m be compact subsets of X having the property (⋆) such that (α, γ) ∈ index(L j ) for all j = 1, 2, . . . , m. Take δ j > 0 according to assertion [ †] for L = L j , j = 1, . . . , m, and set δ = min{δ 1 , . . . , δ m }. Then, for any positive numbers {ǫ α } with ǫ α ≤ δ, for (α, γ) ∈ index(L j ), j = 1, . . . , m (and no other assumption on ǫ β with (β, γ) ∈ ∪ m j=1 index(L j )), the function φ ǫ (α,γ) is strongly plurisubharmonic on ∪ m j=1 L j . Assuming we have taken L 1 , . . . , L m to cover supp χ (α,γ) , we obtain φ ǫ (α,γ) strongly plurisubharmonic on supp χ (α,γ) . Moreover, note that η * φ ǫ (α,γ) = ρ(η)φ ǫ (α,η −1 γ) , hence φ ǫ (α,η)
is also strongly plurisubharmonic on supp χ (α,η) for all η ∈ Γ, without having to impose further conditions on {ǫ α }. Finally, the local finiteness of {supp χ (α,γ) } (α,γ)∈A×Γ implies that only a finitely many conditions are imposed on every ǫ α , thus concluding the proof of the Claim.
